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Abstract
The signless Laplacian matrix of a graph G is given by Q(G) = D(G)+A(G), where D(G)
is a diagonal matrix of vertex degrees and A(G) is the adjacency matrix. The largest eigenvalue
of Q(G) is called the signless Laplacian spectral radius, denoted by q1 = q1(G). In this paper,
some properties between the signless Laplacian spectral radius and perfect matching in graphs
are establish. Let r(n) be the largest root of equation x3 − (3n− 7)x2 + n(2n− 7)x− 2(n2 −
7n+ 12) = 0. We show that G has a perfect matching for n = 4 or n ≥ 10, if q1(G) > r(n),
and for n = 6 or n = 8, if q1(G) > 4 + 2
√
3 or q1(G) > 6 + 2
√
6 respectively, where n is
a positive even integer number. Moreover, there exists graphs Kn−3 ∨ K1 ∨ K2 such that
q1(Kn−3 ∨K1 ∨K2) = r(n) if n ≥ 4, a graph K2 ∨K4 such that q1(K2 ∨K4) = 4+2
√
3 and a
graph K3 ∨K5 such that q1(K3 ∨K5) = 6+ 2
√
6. These graphs all have no prefect matching.
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1 Introduction
The Signless Laplacian matrix is one representative type of classical graph matrices. Let G be
an n-vertex graph with vertex set V (G) = {v1, v2, · · · , vn} and edge set E(G), then the signless
Laplacian matrix of G is defined as Q(G) = D(G) + A(G), where D(G) is a diagonal matrix of
vertex degrees and A(G) is the adjacency matrix. Since its introduction, there have existed lots
of investigations on the signless Laplacian spectrum (see [7, 21] and references therein).
In the past two decades, many researchers have studied the matching in graphs, including the
fractional matching, the rainbow matching etc., and put forward many meaningful conclusions
[1, 6, 8, 12, 13, 14, 15, 16, 17, 23]. Among them, a perfect matchings in a graph G is a research
hotpot, which is defined as a set of disjoint edges covering all vertices of G. Meanwhile, some
connections between the eigenvalues and the matching in graphs have been considered. For
instance, in 2003, the largest eigenvalue of a tree and a unicyclic graphs, which have perfect
matchings, was investigated in [4] and [5], respectively. Two years later, Brouwer and Haemers [2]
found sufficient conditions for existence of a perfect matching in a graph in terms of the eigenvalues
of the Laplacian matrix. Soon, Cioabaˇ [9] improved the result of Brouwer and Haemers. Besides,
Cioabaˇ et al. [10] gave an upper bound on the third largest eigenvalue to ensure that G has a
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perfect matching when n is even, and a matching of order n − 1 when n is odd, where G is a
connected r-regular graph. In 2016, O [18] studied the spectral radius and fractional matchings in
graphs. Recently, the connection between spectral radius and the matching number in a general
graph has been established by O [19].
Pan et al. (2020) [20] investigated the fractional matching in graphs further, based on O’s
work [18] and the signless Laplace spectrum. Naturally, combining to [19], we can consider the
relationship between the signless Laplacian spectral radius and prefect matching in graphs.
In this paper, we only consider the simple and undirected graphs. First of all, some necessary
definitions and graph parameters will be introduced. Let q1(G) ≥ q2(G) ≥ · · · ≥ qn(G) be the
eigenvalues of Q(G). The largest eigenvalue q1(G) is called the signless Laplacian spectral radius
of G. The subgraph of G induced the vertices set S (S ⊂ V (G)) is written by G[S], let G− S be
a subgraph of G by deleting the vertices in S, and the join of two graphs G1 and G2 is denoted
by G1 ∨G2.
The rest of this paper is organized as below. In Section 2 and Section 3, we provide some
previous works and the main result of this paper. In Section 4, the extremal graphs without a
perfect matching for the signless Laplacian spectral radius are characterized.
2 Preliminaries
In this section, we state several basic definition and lemmas for our consequent proofs.
Lemma 2.1 (Tutte’s 1-factor theory). [22] Let G be a graph. And G has a perfect matching if
and only if o(G − S) − |S| ≤ 0 for all S ⊂ V (G), where o(G − S) is the number of components
which has odd number of vertices in the graph G− S.
Definition 2.2. [3] Suppose B is a symmetric real matrix of order n whose rows and columns
are indexed by P = {1, 2, · · · , n}. Let {P1, P2, · · · , Pn} be a partition of P . Denote ni = |Pi| and
then n = n1 + n2 + · · ·+ nm. Let B be partitioned according {P1, P2, · · · , Pm}, that is
B =


B1,1 B1,2 · · · B1,m
B2,1 B2,2 · · · B2,m
...
...
. . .
...
Bm,1 Bm,2 · · · Bm,m


n×n
,
where the blocks Bi,j denotes the submatrix of B formed by rows in Pi and the Pj columns. Let
ci,j denote the average row sum of Bi,j. Then the matrix C = (ci,j) is called the quotient matrix
of B w.r.t. the given partition. Particularly, if the row sum of each submatrix Bi,j is constant
then the partition is called equitable.
Lemma 2.3. [24] Let C be an equitable quotient matrix of B as defined in Definition 2.2. If B
is a nonnegative matrix, then λ1(C) = λ1(B), where λ1(C) and λ1(B) are the largest eigenvalues
of the matrices C and B, respectively.
Lemma 2.4. [11] Let M and M1 be real nonnegative matrices such that M −M1 is nonnegative,
then λ1(M1) ≤ λ1(M).
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Lemma 2.5. [19] Let G be an n-vertex connected graph, where n is an even number. Then
(i) G has a perfect matching for n ≥ 10 or n = 4, if |E(G)| > 1
2
n2 − 5
2
n+ 5.
(ii) G has a perfect matching for n = 6 or n = 8, if |E(G)| > 9 or |E(G)| > 18, respectively.
3 Signless Laplacian spectral radius and prefect matching
In this section, we propose the main result of this paper about the relationship between the
signless Laplacian spectral radius and prefect matching in graphs. According to Lemma 2.5, we
deduce that the graph Kn−3 ∨K1 ∨K2 provides the best upper bound of |E(G)| in all n-vertex
simple connected graphs G without a perfect matching, for n = 4 or n ≥ 10. Similar to the
connection between the number of edges and the perfect matching in graphs, we find that for the
signless Laplacian spectral radius, n = 6 and n = 8 are also two special cases.
Theorem 3.1. Let G be an n-vertex connected graph, where n is an even number. Then
(i) G has a perfect matching for n ≥ 10 or n = 4, if q1(G) > r(n), where r(n) is the largest
root of equation x3 − (3n− 7)x2 + n(2n− 7)x− 2(n2 − 7n + 12) = 0.
(ii) G has a perfect matching for n = 6 or n = 8, if q1(G) > 4 + 2
√
3 or q1(G) > 6 + 2
√
6,
respectively.
Proof. Suppose the contrary that G has no perfect matching. Due to n is an even positive integer,
based on Lemma 2.1, there exists S ⊂ V (G) such that o(G − S) − |S| ≥ 2, and o(G − S) − |S|
is always even. Besides, we can conclude that all connected branch of G − S are odd. Let
k = o(G− S), then k ≥ |S|+ 2.
In order to find the feasible maximum signless Laplacian spectral radius, We construct a new
graph G′ according to the following steps: (i) Add edges in all components in G− S and S such
that all components in G − S and G[S] are cliques; (ii) Join all vertices in each component in
G− S and S respectively. By Lemma 2.4, we get q1(G) ≤ q1(G′).
Let {S, V (G1), V (G2), · · · , V (Gk)} be a partition of V (G) with |V (G1)| ≥ |V (G2)| ≥ · · · ≥
|V (Gk)|. Hence, n1 ≥ n2 ≥ · · · ≥ nk and n = s+n1+n2+· · ·+nk, where s = |S| and ni = |V (Gi)|.
The corresponding quotient matrix of Q(G′), denoted by C1, is given by
C1 =


n+ s− 2 n1 n2 · · · nk
s 2n1 + s− 2 0 · · · 0
s 0 2n2 + s− 2 · · · 0
...
...
...
...
s 0 0 · · · 2nk + s− 2


Easily, we can calculate the characteristic polynomial of C1, that is
f(x) = (x− n− s+ 2)(x− 2n1 − s+ 2) · · · (x− 2nk − s+ 2)− sn1(x− 2n2 − s+ 2) · · · (x− 2nk − s+ 2)
+ sn2(x− 2n1 − s+ 2)(x − 2n3 − s+ 2) · · · (x− 2nk − s+ 2) + · · ·
3
+ (−1)isni(x− 2n1 − s+ 2) · · · (x− 2ni−1 − s+ 2)(x− 2ni+1 − s+ 2) · · · (x− 2nk − s+ 2) + · · ·
+ (−1)ksnk(x− 2n1 − s+ 2) · · · (x− 2nk−1 − s+ 2). (3.1)
Note that C1 is an equitable quotient matrix of Q(G
′), combining to Lemma 2.3, we obtain
rf = q1(G
′), where rf is the largest root of equation f(x) = 0. Meanwhile, based on Lemma 2.4,
one can see that rf > n+ s− 2, and rf > 2n1 + 2s− 2.
If nk ≥ 3, similarly, we consider a new graph G′′, which is obtained from G′ in follow-
ing manners: (i) Delete two vertices in Gk and add two vertices to G1, then we get two new
components G′1 and G
′
k; (ii) Add edges such that G
′
1 becomes clique; (iii) Join G
′
1 and S. Ob-
viously, n′1 = |V (G′1)| = n1 + 2 and n′k = |V (G′k)| = nk − 2. Now, we get a new partition
{S, V (G′1), V (G2), · · · , V (Gk−1), V (G′k)} of V (G). Note that all components in G′′ − S and G[S]
are cliques. The corresponding quotient matrix of Q(G′′) is denoted by C2. Combining with (3.1),
we can obtain the characteristic polynomial of C2, which equals
f ′(x) = (x− n− s+ 2)(x − 2n1 − s− 2)(x− 2n2 − s+ 2) · · · (x− 2nk − s+ 6)
− s(n1 + 2)(x − 2n2 − s+ 2) · · · (x− 2nk − s+ 6)
+ sn2(x− 2n1 − s− 2)(x− 2n3 − s+ 2) · · · (x− 2nk − s+ 6) + · · ·
+ (−1)isni(x− 2n1 − s− 2) · · · (x− 2ni−1 − s+ 2)(x− 2ni+1 − s+ 2) · · · (x− 2nk − s+ 6) + · · ·
+ (−1)ks(nk − 2)(x− 2n1 − s− 2)(x− 2n2 − s+ 2) · · · (x− 2nk−1 − s+ 2)
= f(x) + 8(nk − n1 − 2)(x− n− s+ 2)(x − 2n2 − s+ 2) · · · (x− 2nk−1 − s+ 2)
− 2(x+ 2n1 − 2nk − s+ 6)s(x− 2n2 − s+ 2) · · · (x− 2nk−1 − s+ 2)
+ 8(nk − n1 − 2)sn2(x− 2n3 − s+ 2) · · · (x− 2nk−1 − s+ 2)
− 8(nk − n1 − 2)sn3(x− 2n2 − s+ 2)(x− 2n4 − s+ 2) · · · (x− 2nk−1 − s+ 2) + · · ·
+ (−1)q · (−2)(x+ 2n1 − 2nk − s− 2)s(x− 2n2 − s+ 2) · · · (x− 2nk−1 − s+ 2).
Substitute the value of rf into f
′(x). Due to f(rf ) = 0, rf > n + s − 2, rf > 2n1 + 2s − 2,
and n1 ≥ · · · ≥ nk, then we have
f ′(rf ) = 8(nk − n1 − 2)(rf − n− s+ 2)(rf − 2n2 − s+ 2) · · · (rf − 2nk−1 − s+ 2)
− 2(rf + 2n1 − 2nk − s+ 6)s(rf − 2n2 − s+ 2) · · · (rf − 2nk−1 − s+ 2)
+ 8(nk − n1 − 2)sn2(rf − 2n3 − s+ 2) · · · (rf − 2nk−1 − s+ 2)
− 8(nk − n1 − 2)sn3(rf − 2n2 − s+ 2)(rf − 2n4 − s+ 2) · · · (rf − 2nk−1 − s+ 2) + · · ·
+ (−1)q · (−2)(rf + 2n1 − 2nk − s− 2)s(rf − 2n2 − s+ 2) · · · (rf − 2nk−1 − s+ 2) < 0,
which implies that rf < rf ′ , where rf ′ is the largest root of equation f
′(x) = 0. Since C2 is an
equitable quotient matrix of G′′, then q1(G
′) < q1(G
′′). According to the above discussion, one
can see that G′ has the maximum spectral radius if n1 = n−s−k+1 and ni = 1 for all 2 ≤ i ≤ k.
Now, we suppose |E(G′)| =
(
s+ n1
2
)
+s(k−1), where n1 = |V (G1)| = n−s−k+1. There exists
a partition {V (G1), S, V (G)− S − V (G1)} of G′. The corresponding quotient matrix of Q(G′),
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denoted by C3, has the form
C3 =

2n1 + s− 2 s 0n1 n+ s− 2 k − 1
0 s s

 .
Then we get the characteristic polynomial of C3, that is
g(x) = (x− 2n1 − s+ 2)[(x − n− s+ 2)(x− s)− s(k − 1)]− n1s(x− s).
Next, we create a new graph G′′′ obtained from G′ in following manners: (i) Delete two
component Gk−1 and Gk, and add two vertices to G1, then we get a new components G
′′
1 ; (ii) Add
edges such that G′′1 becomes cliques; (iii) Join G
′′
1 and S. Note that all components in G
′′′−S and
G[S] are cliques. One can see that G′′′−S only has k−2 components and n′′1 = |V (G′′1)| = n1+2.
Analogously, we can get the characteristic polynomial of the quotient matrix of Q(G′′′):
g′(x) = (x− 2n1 − s− 2)[(x− n− s+ 2)(x− s)− s(k − 3)] − (n1 + 2)s(x− s)
= g(x) − 4sn1 − 4s− 4[(x− n− s+ 2)(x − s)− s(k − 1)].
Let rg is the largest root of equation g(x) = 0. Hence,
g′(rg) = −4sn1 − 4s− 4[(rg − n− s+ 2)(rg − s)− s(k − 1)] < 0,
implying rg < rg′ , where rg′ is the largest root of equation g
′(x) = 0. It’s easily to conclude that
q1(G
′) < q1(G
′′′), and G′ has the maximum spectral radius if k = s + 2, i.e., n1 = n − 2s − 1.
Similarly, we can suppose that |E(G′)| =
(
s+ n1
2
)
+ s(s+ 1), where n1 = |V (G1)| = n− 2s− 1.
The quotient matrix of Q(G′) according to the partition {V (G1), S, V (G) − S − V (G1)}, denoted
by C4, is given by
C4 =

2n1 + s− 2 s 0n1 n+ s− 2 s+ 1
0 s s

 .
The characteristic polynomial of C4 equals
h(x) = (x− 2n1 − s+ 2)[(x − n− s+ 2)(x− s)− s(s+ 1)]− n1s(x− s)
= (x− 2n+ 3s+ 4)[(x − n− s+ 2)(x− s)− s(s+ 1)]− (n− 2s− 1)s(x− s)
= x3 + (s− 3n+ 6)x2 + (2n2 + ns− 8n − 4s2 − 4s + 8)x− 2s(n2 − 2ns− 5n+ s2 + 5s+ 6).
Next, we discuss the difference between the signless Laplacian spectral radius of G′ andKn−3∨
K1 ∨ K2. One can easily check that q1(Kn−3 ∨ K1 ∨ K2) = r(n) for n ≥ 4, where r(n) is the
largest root of equation x3− (3n−7)x2+n(2n−7)x−2(n2−7n+12) = 0. Furthermore, we have
r(n) = n+
2
2
3 ·
(
63n+ 3
√
3 · √−4n6 + 84n5 − 781n4 + 4074n3 − 12633n2 + 2232n − 17376 − 9n2 − 38
) 1
3
6
5
+
2
1
3 · (3n2 − 21n + 49)
3
(
63n + 3
√
3 · √−4n6 + 84n5 − 781n4 + 4074n3 − 12633n2 + 2232n − 17376 − 9n2 − 38
) 1
3
− 7
3
.
(3.2)
Substitute the value of r(n) into h(x), we get
h(r(n)) = (s− 1)r2(n) + (ns− n− 4s2 − 4s + 8)r(n)− 2(sn2 − 2ns2 − 5ns+ s3 + 5s2 + 6s − n2 + 7n− 12)
= (s− 1) [r2(n) + (n − 4s − 8)r(n)− 2(n2 − 2ns− 7n+ s2 + 6s + 12)] .
Note that n ≥ 2s + 4 (or n1 ≥ 3), then h(r(n)) ≥ (s − 1)
[
r2(n)− (2s + 4)r(n)− 2s2].
Moreover, combining with (3.2), we can get r2(n) − (2s + 4)r(n) − 2s2 ≥ 4.2843 with equality
holding if and only if s = 1 and n1 = 3, which implies that h(r(n)) ≥ 0.
Finally, we suppose n1 = 1, i.e., n = 2s + 2. The quotient matrix of Q(G
′) based on the
partition {S, V (G′)− S}, denoted by C5, is shown as
C5 =
(
n+ s− 2 s+ 2
s s
)
.
The characteristic polynomial of C5 equals
l(x) = x2 + (2− 2s − n)x+ (sn− 4s).
The largest root of equation l(x) = 0 is written by rl. By calculation, we have
rl =
n+ 2s− 2 +√n2 − 4n+ 4s2 + 8s + 4
2
=
2n− 4 +
√
2n(n− 2)
2
.
From the above consideration, it’s not difficult to find the relationship between r(n) and rl:
(i) For n ≥ 10 (or s ≥ 3), then r(n) > rl; (ii) For n = 6 and n = 8, (or s = 2 and s = 3), then
r(n) < rl; (iii) For n = 4 (or s = 1), then r(n) = rl.
4 Extremal graphs
In this section, the extremal graphs without a perfect matching for the signless Laplacian
spectral radius are characterized. By Lemma 2.5, we can observe some important graphs and their
mathematical properties. For n ≥ 4, |E(Kn−3∨K1∨K2)| =
(
n− 2
2
)
+2 and α′(Kn−3∨K1∨K2) =
n−2
2
, where α′(G) is the matching number of G. Moreover, for n = 6 and n = 8, we have
|E(K2 ∨ K4)| = 9, α′(K2 ∨ K4) = 2, |E(K3 ∨ K5)| = 18, and α′(K3 ∨ K5) = 3. In fact, these
graphs provide a best upper bound of |E(G)| in the simple connected graphs without a perfect
matching. Therefore, we give the following theorem to show the signless Laplacian spectral radius
of these graphs.
Theorem 4.1. Let r(n) be the largest root of equation x3 − (3n − 7)x2 + n(2n − 7)x − 2(n2 −
7n+ 12) = 0. Then q1(Kn−3 ∨K1 ∨K2) = r(n) for any even positive integer n ≥ 4. In addition,
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q1(K2 ∨K4) = 4 + 2
√
3 and q1(K3 ∨K5) = 6 + 2
√
6.
Proof. Apparently, there exists a partition
{
V (Kn−3), V (K1), V (K2)
}
of Kn−3 ∨K1 ∨ K2. The
corresponding quotient matrix of Q(Kn−3 ∨K1 ∨K2) has the form

2n− 7 1 0n− 3 n− 1 2
0 1 1

 .
By calculation, we can give the characteristic polynomial of this quotient matrix, that is
x3 − (3n − 7)x2 + n(2n − 7)x − 2(n2 − 7n + 12) = 0. Note that the above quotient matrix is
equitable, one can see q1(Kn−3 ∨K1 ∨K2) = r(n).
As for K2 ∨ K4 and K3 ∨ K5, analogously, we show the corresponding quotient matrix of
Q(K2 ∨K4) and Q(K3 ∨K5) based on partitions
{
V (K2), V (K4)
}
and
{
V (K3), V (K5)
}
:
(
6 4
2 2
)
,
and (
9 5
3 3
)
.
According to the above consideration, the signless Laplacian spectral radius of K2 ∨K4 and
K3∨K5 can be obtained by easy deduction: q1(K2∨K4) = 4+2
√
3 and q1(K3∨K5) = 6+2
√
6.
For n = 6 or n = 8, we have q1(K2 ∨ K4) = 4 + 2
√
3 ≈ 7.4641 > 6.9095 = r(6) and
q1(K3∨K5) = 6+2
√
6 = 10.8990 > 10.5136 = r(8). This verifies the conclusions in Theorem 3.1.
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